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K-THEORETIC DT/PT CORRESPONDENCE FOR
TORIC CALABI-YAU 4-FOLDS
YALONG CAO, MARTIJN KOOL, AND SERGEJ MONAVARI
Abstract. Recently, Nekrasov discovered a new “genus” for Hilbert schemes
of points on C4. We conjecture a DT/PT correspondence for Nekrasov gen-
era for toric Calabi-Yau 4-folds. We verify our conjecture in several cases
using a vertex formalism.
Taking a certain limit of the equivariant parameters, we recover the co-
homological DT/PT correspondence for toric Calabi-Yau 4-folds recently
conjectured by the first two authors. Another limit gives a dimensional
reduction to the K-theoretic DT/PT correspondence for toric 3-folds con-
jectured by Nekrasov-Okounkov.
Contents
0. Introduction 2
0.1. Nekrasov genus 2
0.2. K-theoretic DT/PT correspondence 4
0.3. Dimensional reduction to 3-folds 6
0.4. Cohomological limit I 8
0.5. Cohomological limit II 9
0.6. Relations with other works 10
0.7. Acknowledgements 11
1. K-theoretic vertex formalism 11
1.1. Fixed loci 11
1.2. K-theory class of obstruction theory 16
1.3. Taking square roots 18
1.4. K-theoretic insertion 21
1.5. K-theoretic 4-fold vertex 27
2. Limits of K-theoretic conjecture 30
2.1. Dimensional reduction 30
2.2. Cohomological limit I 32
2.3. Cohomological limit II 35
Appendix A. Hilbert schemes of points 37
References 39
1
2 YALONG CAO, MARTIJN KOOL, AND SERGEJ MONAVARI
0. Introduction
Two recent developments are Donaldson-Thomas type invariants of Calabi-
Yau 4-folds introduced by Borisov-Joyce and Cao-Leung (e.g. [BJ, CL1, CL2,
CGJ, CK1, CK2, CMT1, CMT2, Nek, NP]) and K-theoretic virtual invariants
introduced by Nekrasov-Okounkov (e.g. [NO, O, Nek, Afg, Arb, Tho]). Let X
be a complex smooth quasi-projective variety, β ∈ H2(X,Z), and n ∈ Z. We
consider the following moduli spaces:
• I := In(X, β) denotes the Hilbert scheme of proper closed subschemes
Z ⊆ X of dimension 6 1 satisfying [Z] = β and χ(OZ) = n,
• P := Pn(X, β) is the moduli space of stable pairs (F, s) onX , where F is
a pure 1-dimensional sheaf on X with proper scheme theoretic support
in class β, χ(F ) = n, and s ∈ H0(F ) has 0-dimensional cokernel.
For proper Calabi-Yau 3-folds, both spaces have a symmetric perfect ob-
struction theory. The degrees of the virtual classes are known as (rank one)
Donaldson-Thomas and Pandharipande-Thomas invariants. Their generat-
ing series are related by the famous DT/PT correspondence conjectured by
Pandharipande-Thomas [PT1] and proved by Bridgeland [Bri] and Toda [Tod].
For proper Calabi-Yau 4-folds, I and P still have an obstruction theory.
Denote the universal objects by Z ⊆ I ×X and I• = {OP×X → F}. Then
T virI = RHompiI (IZ , IZ)0[1], T virP = RHompiP (I•, I•)0[1],
where (·)0 denotes trace-free part andRHompi := Rπ∗◦RHom. These obstruc-
tion theories are not perfect, so the machineries of Behrend-Fantechi [BF] and
Li-Tian [LT] do not produce virtual classes on the moduli spaces. Nonethe-
less, there exist virtual classes [I]viro(L) ∈ H2n(I,Z), [P ]viro(L) ∈ H2n(P,Z) (ref.
[CMT2, CK2]) in the sense of Borisov-Joyce [BJ], which involves derived alge-
braic geometry [PTVV] and derived differential geometry. These virtual classes
depend on the choice of an orientation o(L), i.e. the choice of a square root of
the isomorphism
Q : L ⊗ L → O, L := detRHompi(E,E)
induced by the Serre duality pairing (here E = IZ or I
• respectively).
0.1. Nekrasov genus. In this paper, X is a toric Calabi-Yau 4-fold 1. Since X
is non-proper, the moduli spaces I, P are in general non-proper and we define
invariants by a localization formula. There are interesting cases for which
P is proper, e.g. when X = TotP2(O(−1) ⊕ O(−2)),TotP1×P1(O(−1,−1) ⊕
1I.e. a smooth quasi-projective toric 4-fold X satisfying KX ∼= OX , H>0(OX) = 0, and
such that every cone of its fan is contained in a 4-dimensional cone.
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O(−1,−1)). Denote by (C∗)4 the dense open torus of X and let T ⊆ (C∗)4 be
the 3-dimensional subtorus preserving the Calabi-Yau volume form. Then
IT = I(C
∗)4 ,
which consists of finitely many isolated reduced points [CK2, Lem. 2.2]. Roughly
speaking, these are described by solid partitions (4D piles of boxes) correspond-
ing to monomial ideals in each toric chart Uα ∼= C4 with infinite “legs” along
the coordinate axes, which agree on overlaps Uα ∩ Uβ . In general, the fixed
locus P (C
∗)4 may not be isolated [CK2]. Throughout this paper, whenever we
consider a moduli space P of stable pairs, we assume:
Assumption 0.1. X is a toric Calabi-Yau 4-fold and β ∈ H2(X,Z) such that⋃
n Pn(X, β)
(C∗)4 is at most 0-dimensional.
Then, for all n, Pn(X, β)
T = Pn(X, β)
(C∗)4 consists of finitely many reduced
points, which are combinatorially described in [CK2, Sect. 2.2]. This assump-
tion is satisfied in interesting cases e.g. when X is a local curve or surface.
At any fixed point x = Z ∈ IT or x = [(F, s)] ∈ P T , T -equivariant Serre
duality implies that the T -equivariant K-theory classes
T virI |x, T virP |x ∈ KT0 (pt) = Z[t±11 , t±12 , t±13 , t±14 ]/(t1t2t3t4 − 1)
have square roots. Namely there exist
√
T virI |x,
√
T virP |x ∈ KT0 (pt) such that
T virI |x =
√
T virI |x +
√
T virI |x,
and similarly for P , where (·) denotes the involution on KT0 (pt) induced by
Z-linearly extending the map tw11 t
w2
2 t
w3
3 t
w4
4 7→ t−w11 t−w22 t−w33 t−w44 . These square
roots are non-unique. In what follows, we use the following notation
ΩvirI |x := (T virI |x)∨, KvirI |x := det ΩvirI |x, ObI |x := h1(T virI |x).
We denote the T -moving and T -fixed parts by
Nvir|x = (T virI |x)mov, (T virI |x)f .
We use similar notations for the stable pairs case. A choice of a square root of
T virI |x, T virP |x induces a square root
√
E for each of the above complexes E.
For any V ∈ KT0 (X), we define K-theory classes
(1) V [n] := πI!(π
∗
XV ⊗OZ), πP !(π∗XV ⊗ F)
on the moduli spaces I and P . Here πX , πI (resp. πP ) are projections from
X × I (resp. X × P ) to the corresponding factor and π! :=
∑
i(−1)iRiπ∗.
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Moreover, to each K-theory class E, we associate the K-theory class
Λ•E =
∑
i>0
(−1)iΛiE.
Following Nekrasov [Nek], which deals with the case In(C
4, 0), we define:
Definition 0.2. We define the following “Nekrasov genus” of the moduli space
I := In(X, β). Consider an extra trivial C
∗-action on I with equivariant pa-
rameter y and let V ∈ KT0 (X). Then
In,β(V, y) := χ
(
I, ÔvirI ⊗
Λ•(V [n] ⊗ y−1)
(det(V [n] ⊗ y−1)) 12
)
:= χ
(
IT ,
ÔvirI
Λ•
√
Nvir
∨ ⊗
Λ•(V [n] ⊗ y−1)
(det(V [n] ⊗ y−1)) 12
)
:=
∑
Z∈IT
(−1)o(L)|Ze
(√
ObI |Z
f
) ch(√KvirI |Z 12)
ch
(
Λ•
√
Nvir|Z∨
) ch(Λ•(V [n]|Z ⊗ y−1))
ch((det(V [n]|Z ⊗ y−1)) 12 )
td
(√
T virI |Z
f
)
.
Here the first two lines are suggestive notations and the third line is the ac-
tual definition. This definition depends on the choice of a sign (−1)o(L)|Z for
each Z ∈ IT . We suppress this dependence from the notation. All Chern
characters ch(·), the Euler class e(·), and Todd class td(·) in this formula are
T × C∗-equivariant (T is the Calabi-Yau torus and C∗ the trivial torus) and
the invariant takes value in
Q(t
1
2
1 ,t
1
2
2 ,t
1
2
3 ,t
1
2
4 ,y
1
2 )
(t1t2t3t4−1)
. We define Pn,β(V, y) analogously
replacing I by P and imposing Assumption 0.1.
Remark 0.3. For any Z ∈ IT := In(X, β)T , T virI |Z does not contain any
T -fixed terms with positive coefficient (Lemma 1.1). Therefore
In,β(V, y) =
∑
Z∈IT
(−1)o(L)|Z
ch
(√
KvirI |Z
1
2
)
ch
(
Λ•
√
T virI |Z
∨
) ch(Λ•(V [n]|Z ⊗ y−1))
ch((det(V [n]|Z ⊗ y−1)) 12 )
.
When T virI |Z does not contain T -fixed terms with negative coefficient, this
equality is clear since T virI |Z = Nvir|Z and (T virI |Z)f = 0. When T virI |Z contains
a T -fixed term with negative coefficient, both LHS and RHS are zero (since
e
(√
ObI |Zf
)
= 0). A similar statement holds in the stable pairs case (where
we require Assumption 0.1 and use Lemma 1.5).
0.2. K-theoretic DT/PT correspondence. We show in Section 1 that the
invariants In,β(V, y) and Pn,β(V, y) can be calculated by a K-theoretic vertex
formalism. The case In,0(V, y) was originally established by Nekrasov [Nek] and
Nekrasov-Piazzalunga [NP], who also deal with the higher rank case. The case
In,β(V, y) is recently independently established in [NP2], who also deal with
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ideal sheaves of surfaces and the higher rank case (see Subsection 0.6 below).
Our focus is on the K-theoretic DT/PT correspondence for toric Calabi-Yau
4-folds. In Section 1, we define the K-theoretic DT/PT 4-fold vertex2
V
DT
λµνρ(t, y, q), V
PT
λµνρ(t, y, q) ∈
Q(t1, t2, t3, t4, y
1
2 )
(t1t2t3t4 − 1) ((q)),
for any finite plane partitions (3D partitions) λ, µ, ν, ρ. In the stable pairs
case, we require that at most two of λ, µ, ν, ρ are non-empty (which follows
from Assumption 0.1 by Proposition 1.4). Roughly speaking, these are the
generating series of In,β(V, y), Pn,β(V, y) in the case X = C
4, V = OC4 , and
the underlying Cohen-Macaulay support curve is fixed and described by finite
asymptotic plane partitions λ, µ, ν, ρ (see Definition 1.17). The series VDTλµνρ,
V
PT
λµνρ depend on the choice of a sign at each T -fixed point.
Before we phrase our DT/PT vertex correspondence, we discuss a beautiful
conjecture by Nekrasov for VDT∅∅∅∅ [Nek, NP]. We recall the definition of the
plethystic exponential. For any formal power series
f(q1, . . . , qr) =
∑
n1,...,nr>1
an1,...,nr q
n1
1 · · · qnrr ∈ Z[[q1, . . . , qr]],
its plethystic exponential is defined by
Exp(f(q1, . . . , qr)) := exp
(
∞∑
n=1
f(qn1 , . . . , q
n
r )
n
)
=
∏
n1,...,nr>1
1
(1− qn11 · · · qnrr )an1,...,nr
.
Following Nekrasov [Nek], for any formal variable x, we define
[x] := x
1
2 − x− 12 .
Conjecture 0.4 (Nekrasov). There exist unique choices of signs such that
V
DT
∅∅∅∅(t, y, q) = Exp(F(t, y, q)),
F(t, y, q) := [t1t2][t1t3][t2t3][y]
[t1][t2][t3][t4][y
1
2 q][y
1
2 q−1]
∈ Q(t1, t2, t3, t4, y
1
2 )
(t1t2t3t4 − 1) ((q)).
(2)
See [Nek] for the existence part. Here we conjecture the uniqueness part.
We propose the following K-theoretic DT/PT 4-fold vertex correspondence:
2A priori the powers of t1, t2, t3, t4 in V
DT
λµνρ(t, y, q), V
PT
λµνρ(t, y, q) are half-integers. We
prove in Proposition 1.16 that they are always integers.
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Conjecture 0.5. For any finite plane partitions λ, µ, ν, ρ, at most two of which
are non-empty, there are choices of signs such that
V
DT
λµνρ(t, y, q) = V
PT
λµνρ(t, y, q)V
DT
∅∅∅∅(t, y, q).
Suppose we choose the signs for VDT∅∅∅∅(t, y, q) equal to the unique signs in
Nekrasov’s conjecture 0.4. Then, at each order in q, the choice of signs for
which LHS and RHS agree is unique up to an overall sign.
We verify this conjecture in various cases for which |λ|+|µ|+|ν|+|ρ| 6 4 and
the number of embedded boxes is 6 3 (for the precise statement, see Proposi-
tion 1.18). This conjecture and the vertex formalism imply the following:
Theorem 0.6. Assume Conjecture 0.5 holds. Let X be a toric Calabi-Yau
4-fold and β ∈ H2(X,Z) such that
⋃
n Pn(X, β)
(C∗)4 is at most 0-dimensional.
Let V ∈ KT0 (X). Then there exist choices of signs such that∑
n In,β(V, y) q
n∑
n In,0(V, y) q
n
=
∑
n
Pn,β(V, y) q
n.
One may wonder whether there are other K-theoretic insertions, such as
virtual holomorphic Euler characteristics χ(I, ÔvirI ), χ(P, ÔvirP ), for which a
DT/PT correspondence similar to Conjecture 0.5 holds. We have found no
evidence for this (see Remark 1.20 for the precise statement).
We now discuss three limits, which were treated in the case of In(C
4, 0) in
[Nek, Sect. 5.1–5.2] (though we do not need the “perturbative term” of loc. cit.).
0.3. Dimensional reduction to 3-folds. Let D be a smooth toric 3-fold 3
and let β ∈ H2(D,Z). Consider the following generating functions∑
n
χ(In(D, β), ÔvirI ) qn,
∑
n
χ(Pn(D, β), ÔvirP ) qn,
where ÔvirI = OvirI ⊗
√
KvirI , ÔvirP = OvirP ⊗
√
KvirP are the twisted virtual
structure sheaves of In(D, β), Pn(D, β) introduced in [NO]
4.
The calculation of the K-theoretic DT/PT invariants of toric 3-folds is gov-
erned by the K-theoretic 3-fold DT/PT vertex [NO, O, Arb]
V
3D,DT
λµν (t, q), V
3D,PT
λµν (t, q) ∈ Q(t1, t2, t3)((q)),
3More precisely, a smooth quasi-projective toric 3-fold such that every cone of its fan is
contained in a 3-dimensional cone.
4In the 3-fold case, the invariants χ(In(D, β), ÔvirI ), χ(Pn(D, β), ÔvirP ) do not depend on
the choice of square root
√
KvirI ,
√
KvirP . This is because different choices of square roots
have the same first Chern class (modulo torsion). See also [Arb, Section 2.5].
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where λ, µ, ν are line partitions (2D partitions) determining the underlying
(C∗)3-fixed Cohen-Macaulay curve and t1, t2, t3 are the characters of the stan-
dard torus action on C3.
In the next theorem, λ, µ, ν are line partitions in the (x2, x3), (x1, x3), (x1, x2)-
planes respectively. Then λ, µ, ν can be seen as plane partitions in (x2, x3, x4),
(x1, x3, x4), (x1, x2, x4)-space, respectively, by inclusion {x4 = 0} ⊆ C3.
Any plane partition λ, µ, ν, ρ determine a (C∗)4-fixed Cohen-Macaulay curve
on C4 with asymptotic profiles λ, µ, ν, ρ. The ideal sheaf of such a curve cor-
responds to a monomial ideal, which is described by a solid partition denoted
by πCM(λ, µ, ν, ρ) (this is explained in detail in Section 1.1). The renormalized
volume of this solid partition is denoted by |πCM(λ, µ, ν, ρ)| (Definition 1.2).
Theorem 0.7. Let λ, µ, ν be any line partitions in the (x2, x3), (x1, x3), (x1, x2)-
planes respectively. For any T -fixed subscheme Z ⊆ C4 with underlying max-
imal Cohen-Macaulay curve C determined by λ, µ, ν,∅, we choose its sign in
Definition 0.2 equal to (−1)|piCM(λ,µ,ν,∅)|+χ(IC/IZ), where χ(IC/IZ) equals the
number of embedded points of Z. For any T -fixed stable pair (F, s) on C4
with underlying Cohen-Macaulay curve determined by λ, µ,∅,∅, we choose its
sign in Definition 0.2 equal to (−1)|piCM(λ,µ,∅,∅)|+χ(Q), where χ(Q) denotes the
length of the cokernel of s. Then
V
DT
λµν∅(t, y, q)|y=t4 = V3D,DTλµν (t,−q), VPTλµ∅∅(t, y, q)|y=t4 = V3D,PTλµ∅ (t,−q).(3)
In particular, Conjecture 0.5 and compatibility of signs imply 5
V
3D,DT
λµ∅ (t, q) = V
3D,PT
λµ∅ (t, q)V
3D,DT
∅∅∅ (t, q).
Remark 0.8. In all the cases for which we checked Conjecture 0.5 (see Propo-
sition 1.18), we verified that the compatible choice of signs mentioned in The-
orem 0.7 exists. This explains our sign choice for the T -fixed points which are
scheme theoretically supported on {x4 = 0}.
Theorem 0.9. Assume Conjecture 0.5 and compatibility of signs. Let D
be a smooth toric 3-fold and β ∈ H2(D,Z) such that all (C∗)3-fixed points
of
⋃
n In(D, β),
⋃
n Pn(D, β) have at most two legs in each maximal (C
∗)3-
invariant affine open subset of D, e.g. D is a local toric curve or local toric
surface. Then the K-theoretic DT/PT correspondence [NO, Eqn. (16)] holds:∑
n χ(In(D, β), ÔvirI ) qn∑
n χ(In(D, 0), ÔvirI ) qn
=
∑
n
χ(Pn(D, β), ÔvirP ) qn.
5Compatibility of signs means that there exist choices of signs in Conjecture 0.5 compatible
with the choices of signs stated in this theorem.
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Remark 0.10. The usual DT/PT correspondence on toric 3-folds [PT2] is a
special case of the K-theoretic version of Nekrasov-Okounkov [NO, Eqn. (16)].
To the authors’ knowledge, the later is still an open conjecture.
0.4. Cohomological limit I. Let ti = e
bλi , for all i = 1, 2, 3, 4, and y =
ebm. We impose the Calabi-Yau relation t1t2t3t4 = 1, which translates into
λ1 + λ2 + λ3 + λ4 = 0. In Section 2.2, we study the limit b → 0. Let X
be a Calabi-Yau 4-fold, β ∈ H2(X,Z) and V ∈ KT0 (X). Define the following
invariants
Icohon,β (V,m) :=
∑
Z∈In(X,β)T
(−1)o(L)|Z
√
(−1) 12 ext2(IZ ,IZ)e(Ext2(IZ , IZ))
e
(
Ext1(IZ , IZ)
)
· e(RΓ(X, V ⊗OZ)∨ ⊗ em),
(4)
where ext2(IZ , IZ) = dimExt
2(IZ , IZ). The expression under the square root
sign is a square by T -equivariant Serre duality. These invariants take values in
Q(λ1, λ2, λ3, λ4, m)
(λ1 + λ2 + λ3 + λ4)
,
where λi := c1(ti), m := c1(e
m) denote the T × C∗-equivariant parameters.
Here C∗ corresponds to a trivial torus action with equivariant parameter em.
We similarly define invariants P cohon,β (V,m) replacing In(X, β) by Pn(X, β) and
RΓ(X, V ⊗ OZ) by RΓ(X, V ⊗ F ), in which case we also require Assumption
0.1 holds.
Theorem 0.11. Let X be a toric Calabi-Yau 4-fold, β ∈ H2(X,Z), and let
V ∈ KT0 (X). Then
lim
b→0
(∑
n
In,β(V, y) q
n
)∣∣∣
ti=ebλi ,y=ebm
=
∑
n
Icohon,β (V,m) q
n,
lim
b→0
(∑
n
Pn,β(V, y) q
n
)∣∣∣
ti=ebλi ,y=ebm
=
∑
n
P cohon,β (V,m) q
n,
where the choice of signs on RHS is determined by the choice of signs on LHS.
For the second equality, we assume
⋃
n Pn(X, β)
(C∗)4 is at most 0-dimensional.
Hence, Conjecture 0.5 implies that there exist choices of signs such that∑
n I
coho
n,β (V,m) q
n∑
n I
coho
n,0 (V,m) q
n
=
∑
n
P cohon,β (V,m) q
n.
This theorem provides motivation for conjecturing the following new coho-
mological DT/PT correspondence for smooth projective Calabi-Yau 4-folds:
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Conjecture 0.12. Let X be a smooth projective Calabi-Yau 4-fold and β ∈
H2(X,Z). For any V ∈ K0(X), there exist choices of orientations such that∑
n
∫
[In(X,β)]vir
e(V [n]) qn∑
n
∫
[In(X,0)]vir
e(V [n]) qn
=
∑
n
∫
[Pn(X,β)]vir
e(V [n]) qn.
0.5. Cohomological limit II. Let ti = e
bλi , y = ebm, Q = mq, where we
again impose the Calabi-Yau relation t1t2t3t4 = 1. In Section 2.3, we consider
the limit b → 0, m → ∞. In [CK2], the two first-named authors studied the
following cohomological invariants
Icohon,β :=
∑
Z∈In(X,β)T
(−1)o(L)|Z
√
(−1) 12 ext2(IZ ,IZ)e(Ext2(IZ , IZ))
e
(
Ext1(IZ , IZ)
) ,(5)
and similar invariants P cohon,β , where we replace In(X, β) by Pn(X, β) and im-
pose Assumption 0.1. In [CK2], a vertex formalism for these invariants was
established giving rise to the cohomological DT/PT vertex
V
coho,DT
λµνρ (Q), V
coho,PT
λµνρ (Q) ∈
Q(λ1, λ2, λ3, λ4)
(λ1 + λ2 + λ3 + λ4)
((Q)),
for any finite plane partitions λ, µ, ν, ρ. As above, in the stable pairs case we
assume at most two of these partitions are non-empty.
The cohomological DT/PT 4-fold vertex correspondence [CK2] states:
Conjecture 0.13 (Cao-Kool). For any finite plane partitions λ, µ, ν, ρ, at most
two of which are non-empty, there are choices of signs such that
V
coho,DT
λµνρ (Q) = V
coho,PT
λµνρ (Q)V
coho,DT
∅∅∅∅ (Q).
Theorem 0.14. Let X be a toric Calabi-Yau 4-fold and β ∈ H2(X,Z). Then
lim
b→0
m→∞
(∑
n
In,β(OX , ebm) qn
)∣∣∣
ti=ebλi ,Q=qm
=
∑
n
Icohon,β Q
n,
lim
b→0
m→∞
(∑
n
Pn,β(OX , ebm) qn
)∣∣∣
ti=ebλi ,Q=qm
=
∑
n
P cohon,β Q
n,
where the choice of signs on RHS is determined by the choice of signs on LHS.
For the second equality, we assume
⋃
n Pn(X, β)
(C∗)4 is at most 0-dimensional.
Moreover, Conjecture 0.5 implies Conjecture 0.13.
We summarise the above three limits in the following figure.
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K-theoretic DT/PT on toric CY 4-fold X
Thm.0.9
||①①
①①
①①
①①
①①
①①
①①
①①
ti=ebλi , y=ebm, b→0
Thm.0.11
""
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋
K-theoretic DT/PT
on toric 3-foldD [NO]
ti=ebλi , b→0

Cohomological DT/PT
with insertions on X
V=OX , Q=qm
m→∞
Thm.0.14Rmk.2.4uu❧❧❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧
Cohomological DT/PT
on toric 3-fold D [PT2]
Cohomological DT/PT
without insertions onX
[CK2]
Figure 1. Limits of K-theoretic DT/PT on toric CY 4-folds
0.6. Relations with other works. This paper is a continuation of our pre-
vious work [CK2], where we introduced the DT/PT correspondence (with pri-
mary insertions) for both compact and toric Calabi-Yau 4-folds. In the com-
pact case, “DT=PT” due to insertions. In loc. cit. we used toric calculations
to support this result and found the cohomological DT/PT 4-fold vertex cor-
respondence (Conjecture 0.13), which surprisingly has the same shape as the
DT/PT correspondence for Calabi-Yau 3-folds [PT1]. This motivated us to
enhance Conjecture 0.13 to a K-theoretic version using Nekrasov’s insertion
(Definition 0.2), which specializes to (i) the cohomological DT/PT correspon-
dence for toric Calabi-Yau 4-folds, (ii) the K-theoretic DT/PT correspondence
for toric 3-folds [NO, PT2].
During the writing of this paper, Piazzalunga announced6 his joint work with
Nekrasov [NP2], which establishes the (more general) K-theoretic DT vertex
for D0-D2-D4-D6-D8 bound states and realizes the DT generating series of a
toric Calabi-Yau 4-fold X as the partition function of a certain super-Yang-
Mills theory with matter (and gauge group U(1|1)) on X . Remarkably, from
physics considerations, they associate an explicit natural sign to each torus
fixed element. Instead, our focus is on the DT/PT correspondence and what
we might expect for compact Calabi-Yau 4-folds. We expect that the natural
signs obtained in [NP2] are consistent with the signs required in our conjectures.
6“Gauge theory and virtual invariants”, Trinity College Dublin, May 13–17 2019.
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1. K-theoretic vertex formalism
1.1. Fixed loci. This subsection is a recap of [CK2, Sect. 2.1, 2.2]. Proofs
can be found in loc. cit. Let X be a toric Calabi-Yau 4-fold. Let ∆(X) be the
polytope corresponding to X and denote the collection of its vertices by V (X)
and edges by E(X). The elements α ∈ V (X) correspond to the (C∗)4-fixed
points pα ∈ X . Each such fixed point lies in a maximal (C∗)4-invariant affine
open subset C4 ∼= Uα ⊆ X . The elements αβ ∈ E(X) (connecting vertices α,
β) correspond to the (C∗)4-invariant lines P1 ∼= Lαβ ⊆ X with normal bundle
NLαβ/X
∼= OP1(mαβ)⊕OP1(m′αβ)⊕OP1(m′′αβ),
mαβ +m
′
αβ +m
′′
αβ = −2,
(6)
where the second equality follows from the Calabi-Yau condition.
The action of the dense open torus (C∗)4 and its Calabi-Yau subtorus T ⊆
(C∗)4 (the subtorus preserving the Calabi-Yau volume form) both lift to the
Hilbert scheme I := In(X, β). The following result is proved in [CK2, Lem. 2.2]:
Lemma 1.1. The scheme IT = I(C
∗)4 consists of finitely many reduced points.
We characterize the elements IT by collections of solid partitions.
Definition 1.2. A solid partition π is a sequence π =
{
πijk ∈ Z>0∪{∞}
}
i,j,k>1
satisfying:
πijk > πi+1,j,k, πijk > πi,j+1,k, πijk > πi,j,k+1 ∀ i, j, k > 1.
This extends the notions of plane partitions λ = {λij}i,j>1 (which we visualize
as a pile of boxes in R3 where λij is the height along the x3-axis) and line
partitions λ = {λi}i>1 (which we visualize as a pile of squares in R2 where λi
is the height along the x2-axis). Given a solid partition π = {πijk}i,j,k>1, there
exist unique plane partitions λ, µ, ν, ρ such that
πijk = λjk, ∀ i≫ 0, j, k > 1
πijk = µik, ∀ j ≫ 0, i, k > 1
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πijk = νij , ∀ k ≫ 0, i, j > 1
πijk =∞⇔ k = ρij , ∀ i, j, k > 1.
We refer to λ, µ, ν, ρ as the asymptotic plane partitions associated to π in
directions 1, 2, 3, 4 respectively. We call π point-like, when λ = µ = ν = ρ = ∅.
Then the size of π is defined by
|π| :=
∑
i,j,k>1
πijk.
We call π curve-like when λ, µ, ν, ρ have finite size |λ|, |µ|, |ν|, |ρ| (not all zero).
Similar to [MNOP], when π is curve-like, we define its renormalized volume by
|π| :=
∑
16i,j,k6N
πijk − (|λ|+ |µ|+ |ν|) ·N,
which is independent of N ≫ 0.
Let Z ∈ IT . Suppose C4 ∼= Uα ⊆ X is a maximal (C∗)4-invariant affine open
subset. There are coordinates (x1, x2, x3, x4) on Uα such that
(7) t · xi = tixi, for all i = 1, 2, 3, 4 and t = (t1, t2, t3, t4) ∈ (C∗)4.
The restriction Z|Uα is given by a (C∗)4-invariant ideal IZ |Uα ⊆ C[x1, x2, x3, x4].
Solid partitions π which are point- or curve-like are in bijective correspondence
to (C∗)4-invariant ideals IZpi ⊆ C[x1, x2, x3, x4] cutting out subschemes Zpi ⊆ C4
of dimension 6 1 via the following formula
(8) IZpi =
(
xi−11 x
j−1
2 x
k−1
3 x
piijk
4 : i, j, k > 1
)
.
Hence Z ∈ IT determines a collection of (point- or curve-like) solid partitions
{π(α)}e(X)α=1 , where e(X) is the topological Euler characteristic ofX , i.e. the num-
ber of (C∗)4-fixed points of X . Let αβ ∈ E(X) and consider the corresponding
(C∗)4-invariant line Lαβ ∼= P1. Suppose this line given by {x2 = x3 = x4 = 0}
in both charts Uα, Uβ . Let λ
(α), λ(β) be the asymptotic plane partitions of π(α),
π(β) along the x1-axes in both charts. Then
(9) λ
(α)
ij = λ
(β)
ij =: λ
(αβ)
ij ∀ i, j > 1.
A collection of point- or curve-like solid partitions {π(α)}e(X)α=1 satisfying (9),
for all α, β = 1, . . . , e(X), is said to satisfy the gluing condition. We obtain a
bijective correspondence{
pi = {π(α)}e(X)α=1 : π(α) point- or curve-like and satisfying (9)
}
1−1←→
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Zpi ∈
⋃
β∈H2(X,Z), n∈Z
In(X, β)
T .
Suppose β 6= 0 is effective. Then for any Z ∈ IT = In(X, β)T , there exists a
maximal Cohen-Macaulay subscheme C ⊆ Z such that the cokernel
0→ IZ → IC → IC/IZ → 0
is 0-dimensional. The restriction C|Uα is empty or corresponds to a curve-
like solid partition π with asymptotics λ, µ, ν, ρ. Since C|Uα has no embedded
points, the solid partition π is entirely determined by the asymptotics λ, µ, ν, ρ
as follows
(10) πijk =
{ ∞ if 1 6 k 6 ρij
max{λjk, µik, νij} otherwise.
Using similar notation to [MNOP], for any plane partition of finite size, and
m,m′, m′′ ∈ Z, we define
fm,m′,m′′(λ) :=
∑
i,j>1
λij∑
k=1
(1−m(i− 1)−m′(j − 1)−m′′(k − 1)).
For any αβ ∈ E(X) and finite plane partition λ, we define
(11) f(α, β) := fmαβ ,m′αβ ,m′′αβ(λ),
where mαβ , m
′
αβ , m
′′
αβ were defined in (6).
Lemma 1.3. Let X be a toric Calabi-Yau 4-fold and let Z ⊆ X be a (C∗)4-
invariant closed subscheme of dimension 6 1. Then
χ(OZ) =
∑
α∈V (X)
|π(α)|+
∑
αβ∈E(X)
f(α, β).
The action of (C∗)4 on X also lifts to the moduli space P := Pn(X, β) of
stable pairs. Similar to [PT2], we give a description of the fixed locus P (C
∗)4 .
For any stable pair (F, s) on X , the scheme-theoretic support CF := supp(F )
is a Cohen-Macaulay curve [PT1, Lem. 1.6]. Stable pairs with Cohen-Macaulay
support curve C can be described as follows [PT1, Prop. 1.8]:
Let m ⊆ OC be the ideal of a finite union of closed points on C. A stable pair
(F, s) on X such that CF = C and supp(Q)red ⊆ supp(OC/m) is equivalent to
a subsheaf of lim−→Hom(m
r,OC)/OC .
This uses the natural inclusions
Hom(mr,OC) →֒ Hom(mr+1,OC)
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OC →֒ Hom(mr,OC)
induced by mr+1 ⊆ mr ⊆ OC .
Suppose [(F, s)] ∈ P (C∗)4 , then CF is (C∗)4-fixed and determines {π(α)}α∈V (X)
with each π(α) empty or a curve-like solid partition. Consider a maximal (C∗)4-
invariant affine open subset C4 ∼= Uα ⊆ X . Denote the asymptotic plane
partitions of π := π(α) in directions 1, 2, 3, 4 by λ, µ, ν, ρ. As in (8), these
correspond to (C∗)4-invariant ideals
IZλ ⊆ C[x2, x3, x4],
IZµ ⊆ C[x1, x3, x4],
IZν ⊆ C[x1, x2, x4],
IZρ ⊆ C[x1, x2, x3].
Define the following C[x1, x2, x3, x4]-modules
M1 := C[x1, x
−1
1 ]⊗C C[x2, x3, x4]/IZλ ,
M2 := C[x2, x
−1
2 ]⊗C C[x1, x3, x4]/IZµ,
M3 := C[x3, x
−1
3 ]⊗C C[x1, x2, x4]/IZν ,
M4 := C[x4, x
−1
4 ]⊗C C[x1, x2, x3]/IZρ .
Then [PT2, Sect. 2.4] gives
lim−→Hom(m
r,OC|Uα ) ∼=
4⊕
i=1
Mi =:M,
where m = (x1, x2, x3, x4) ⊆ C[x1, x2, x3, x4]. Each module Mi comes from a
ring, so it has a unit 1, which is homogeneous of degree (0, 0, 0, 0) with respect
to the character group X((C∗)4) = Z4. We consider the quotient
(12) M/〈(1, 1, 1, 1)〉.
Then (C∗)4-equivariant stable pairs on Uα ∼= C4 correspond to (C∗)4-invariant
C[x1, x2, x3, x4]-submodules of (12).
Combinatorial description of M/〈(1, 1, 1, 1)〉 Denote the character group
of (C∗)4 by X((C∗)4) = Z4. For each module Mi, the weights w ∈ Z4 of its
non-zero eigenspaces determine an infinite “leg” Legi ⊆ Z4 along the xi-axis.
For each weight w ∈ Z4, introduce four independent vectors 1w, 2w, 3w, 4w.
Then the C[x1, x2, x3, x4]-module structure onM/〈(1, 1, 1, 1)〉 is determined by
xj · iw = iw+ej ,
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where i, j = 1, 2, 3, 4 and e1, e2, e3, e4 are the standard basis vectors of Z
4.
Similar to the 3-fold case [PT2, Sect. 2.5], we define regions
I+ ∪ II ∪ III ∪ IV ∪ I− =
4⋃
i=1
Legi ⊆ Z4, where
• I+ consists of the weights w ∈ Z4 with all coordinates non-negative and
which lie in precisely one leg. If w ∈ I+, then the corresponding weight
space of M/〈(1, 1, 1, 1)〉 is 0-dimensional.
• I− consists of all weights w ∈ Z4 with at least one negative coordinate.
If w ∈ I− is supported in Legi, then the corresponding weight space of
M/〈(1, 1, 1, 1)〉 is 1-dimensional
C ∼= C · iw ⊆M/〈(1, 1, 1, 1)〉.
• II consists of all weights w ∈ Z4, which lie in precisely two legs. If
w ∈ II is supported in Legi and Legj, then the corresponding weight
space of M/〈(1, 1, 1, 1)〉 is 1-dimensional
C ∼= C · iw ⊕ C · jw/C · (iw + jw) ⊆M/〈(1, 1, 1, 1)〉.
• III consists of all weights w ∈ Z4, which lie in precisely three legs. If
w ∈ III is supported in Legi, Legj, and Legk, then the corresponding
weight space of M/〈(1, 1, 1, 1)〉 is 2-dimensional
C2 ∼= C · iw ⊕ C · jw ⊕ C · kw/C · (iw + jw + kw) ⊆M/〈(1, 1, 1, 1)〉.
• IV consists of all weights w ∈ Z4, which lie in all four legs. If w ∈ IV,
then the corresponding weight space of M/〈(1, 1, 1, 1)〉 is 3-dimensional
C3 ∼= C ·1w⊕C ·2w⊕C ·3w⊕C ·4w/C · (1w+2w+3w+4w) ⊆ M/〈(1, 1, 1, 1)〉.
Box configurations. A box configuration is a finite collection of weights
B ⊆ II ∪ III ∪ IV ∪ I− satisfying the following property:
if w = (w1, w2, w3, w4) ∈ II ∪ III ∪ IV ∪ I− and one of (w1 − 1, w2, w3, w4),
(w1, w2 − 1, w3, w4), (w1, w2, w3 − 1, w4), or (w1, w2, w3, w4 − 1) lies in B then
w ∈ B.
A box configuration determines a (C∗)4-invariant submodule ofM/〈(1, 1, 1, 1)〉
and therefore a (C∗)4-invariant stable pair on Uα ∼= C4 with cokernel of length
#(B ∩ II) + 2 ·#(B ∩ III) + 3 ·#(B ∩ IV) + #(B ∩ I−).
The box configurations defined in this section do not describe all (C∗)4-invariant
submodules ofM/〈(1, 1, 1, 1)〉. In this paper, we always work with Assumption
0.1 from the introdction, i.e.
⋃
n Pn(X, β)
(C∗)4 is at most 0-dimensional. Then
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the restriction of any T -fixed stable pair (F, s) on X to any chart Uα has a
Cohen-Macaulay support curve with at most two asymptotic plane partitions
and is described by a box configuration as above. See [CK2, Prop. 2.5, 2.6]:
Lemma 1.4. Suppose
⋃
n Pn(X, β)
(C∗)4 is at most 0-dimensional. Then for
any [(F, s)] ∈ Pn(X, β)(C∗)4 and any α ∈ V (X), the Cohen-Macaulay curve
CF |Uα has at most two asymptotic plane partitions.
Lemma 1.5. Suppose
⋃
n Pn(X, β)
(C∗)4 is at most 0-dimensional. Then, for
any n ∈ Z, Pn(X, β)T = Pn(X, β)(C∗)4 consists of finitely many reduced points.
1.2. K-theory class of obstruction theory. Let X be a toric Calabi-Yau 4-
fold and consider the cover {Uα}α∈V (X) by maximal (C∗)4-invariant affine open
subsets. We discuss the DT and PT case simultaneously. Let E = IZ , with
Z ∈ IT = In(X, β)T , or E = I•, with [I• = {OX → F}] ∈ P T = Pn(X, β)T .
In the stable pairs case, we impose Assumption 0.1 of the introduction so
P T = P (C
∗)4 is at most 0-dimensional by Proposition 1.5. We are interested in
the class
−RHom(E,E)0 ∈ KT0 (pt).
This class can be computed by a Cˇech calculation introduced for smooth toric
3-folds in [MNOP, PT2]. In the case of toric 4-folds, the calculation was done
in [CK2, Sect. 2.4]. We briefly recall the results from loc. cit.
Consider the exact triangle
(13) E → OX → E ′,
where E ′ = OZ when E = IZ , and E ′ = F when E = I•. In both cases,
E ′ is 1-dimensional. Define Uαβ := Uα ∩ Uβ, Uαβγ := Uα ∩ Uβ ∩ Uγ, etc.,
and let Eα := E|Uα, Eαβ := E|Uαβ etc. The local-to-global spectral sequence,
calculation of sheaf cohomology with respect to the Cˇech cover {Uα}α∈V (X),
and the fact that E ′ is 1-dimensional give
−RHomX(E,E)0 = −
∑
α∈V (X)
RHomUα(Eα, Eα)0 +
∑
αβ∈E(X)
RHomUαβ(Eαβ, Eαβ)0.
On Uα ∼= C4, we use coordinates x1, x2, x3, x4 such that the (C∗)4-action is
t · xi = tixi, for all i = 1, 2, 3, 4 and t = (t1, t2, t3, t4) ∈ (C∗)4.
Denote the T -character of E ′|Uα by
Zα := trE′|Uα .
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In the case E ′ = OZ , the scheme Z|Uα corresponds to a solid partition π(α) as
described in Section 1.1 and
(14) Zα =
∑
i,j,k>1
pi
(α)
ijk∑
l=1
ti−11 t
j−1
2 t
k−1
3 t
l−1
4 .
When E ′ = F , we use the short exact sequence
0→ OC → F → Q→ 0,
where C is the Cohen-Macaulay support curve and Q is the cokernel. Then
(15) Zα = trOC |Uα + trQ|Uα ,
where OC |Uα is described by a solid partition π(α) and Q|Uα is described by a
box configuration B(α) as in Section 1.1. In this case, trOC |Uα is given by the
RHS of (14). Moreover, trQ|Uα is the sum of t
w over all w ∈ B(α).
For any αβ ∈ E(X), we consider
Zαβ := trE′|Uαβ .
In both cases, E = IZ and E = I
•, there is an underlying Cohen-Macaulay
curve C|Uαβ . Suppose in both charts Uα, Uβ, the line Lαβ ∼= P1 is given by
{x2 = x3 = x4 = 0}. Note that Uαβ ∼= C∗ × C3. Then C|Uαβ is described by a
point-like plane partition λαβ (its cross-section along the x1-axis) and
(16) Zαβ =
∑
j,k>1
λαβ∑
l=1
tj−12 t
k−1
3 t
l−1
4
Using an equivariant resolution of Eα, Eαβ, one readily obtains the follow-
ing formulae for the T -representations of −RHom(Eα, Eα)0, RHom(Eαβ , Eαβ)0
(see [CK2, Sect. 2.4], which is based on the original calculation in [MNOP])
tr−RHom(Eα,Eα)0 = Zα + Zα − P1234ZαZα,
− tr−RHom(Eαβ ,Eαβ)0 = δ(t1)
(
−Zαβ + Zαβ
t2t3t4
− P234
t2t3t4
ZαβZαβ
)
,
(17)
where (·) is the involution on KT0 (pt) mentioned in the introduction and
δ(t) :=
∑
n∈Z
tn,
P1234 := (1− t1)(1− t2)(1− t3)(1− t4),
P234 := (1− t2)(1− t3)(1− t4).
(18)
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The problem with (17) is that it consists of possibly infinite Laurent series
in t1, t2, t3, t4. From [MNOP], we learn how to redistribute terms in such a
ways that we obtain Laurent polynomials. Let β1, β2, β3, β4 be the vertices
neighbouring α. Define 7
Fαβ := −Zαβ + Zαβ
t2t3t4
− P234
t2t3t4
ZαβZαβ ,
Vα := tr−RHom(Eα,Eα)0 +
4∑
i=1
Fαβi(ti′ , ti′′, ti′′′)
1− ti ,
Eαβ := t
−1
1
Fαβ(t2, t3, t4)
1− t−11
− Fαβ(t2t
−mαβ
1 , t3t
−m′
αβ
1 , t4t
−m′′
αβ
1 )
1− t−11
,
(19)
where {ti, ti′, ti′′ , ti′′′} = {t1, t2, t3, t4} and
(t1, t2, t3, t4) 7→ (t−11 , t2t−mαβ1 , t3t
−m′
αβ
1 , t4t
−m′′
αβ
1 )
corresponds to the coordinate transformation Uα → Uβ and mαβ , m′αβ , m′′αβ are
the weights of the normal bundle of Lαβ defined in (6). Then
tr−RHom(E,E)0 =
∑
α∈V (X)
Vα +
∑
αβ∈E(X)
Eαβ,
and Vα, Eαβ are Laurent polynomials for all α ∈ V (X) and αβ ∈ E(X) by
[CK2, Prop. 2.11].
Remark 1.6. When we want to stress the dependence on Zα, Zαβ and distin-
guish between the DT/PT case, we write VDTZα , V
PT
Zα , E
DT
Zαβ
, EPTZαβ for the classes
introduced in (19).
1.3. Taking square roots. Let α ∈ V (X). As before, denote by β1, . . . , β4 ∈
V (X) the vertices neighbouring α and labelled such that Lαβi = {xi′ = xi′′ =
7We only write down Fαβ and Eαβ when Lαβ ∼= P1 is given by {x2 = x3 = x4 = 0}, i.e. the
leg along the x1-axis. The other cases follow by symmetry.
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xi′′′ = 0}, where {i′, i′′, i′′′} = {1, 2, 3, 4} \ {i}. We define
vα := Zα − P 123ZαZα +
4∑
i=1
fαβi(ti′ , ti′′ , ti′′′)
1− ti ,
eαβ1 := t
−1
1
fαβ1(t2, t3, t4)
1− t−11
− fαβ1(t2t
−mαβ1
1 , t3t
−m′
αβ1
1 , t4t
−m′′
αβ1
1 )
1− t−11
,
eαβ2 := t
−1
2
fαβ2(t1, t3, t4)
1− t−12
− fαβ2(t1t
−mαβ2
2 , t3t
−m′
αβ2
2 , t4t
−m′′
αβ2
2 )
1− t−12
,
eαβ3 := t
−1
3
fαβ3(t1, t2, t4)
1− t−13
− fαβ3(t1t
−mαβ3
3 , t2t
−m′
αβ3
3 , t4t
−m′′
αβ3
3 )
1− t−13
,
eαβ4 := t
−1
4
fαβ4(t1, t2, t3)
1− t−14
− fαβ4(t1t
−mαβ4
4 , t2t
−m′
αβ4
4 , t3t
−m′′
αβ4
4 )
1− t−14
,
fαβ1 := −Zαβ1 +
P23
t2t3
Zαβ1Zαβ1 ,
fαβ2 := −Zαβ2 +
P13
t1t3
Zαβ2Zαβ2 ,
fαβ3 := −Zαβ3 +
P12
t1t2
Zαβ3Zαβ3 ,
fαβ4 := −Zαβ4 +
P12
t1t2
Zαβ4Zαβ4 ,
(20)
where P23 := (1− t2)(1− t3) etc. With these definitions, we have
Vα = vα + vα, Eαβ = eαβ + eαβ,(21)
for all α ∈ V (X) and αβ ∈ E(X). This follows from a straight-forward calcula-
tion using t1t2t3t4 = 1 and the following two identities (and their permutations)
P123 + P 123 = P1234, −P23
t2t3
+ t1
P 23
t−12 t
−1
3
=
P234
t2t3t4
.
Furthermore, each eαβi is a Laurent polynomial in t1, t2, t3, t4. Indeed in the
expression for eαβi (20), both numerator and denominator vanish at ti = 1, so
the pole in ti = 1 cancels.
Suppose Zα has no leg along the x4-axis, i.e. Zαβ4 = 0. Then we claim
vα is also a Laurent polynomial in t1, t2, t3, t4. In order to see this, we show
that the powers of t1, t2, t3, t4 appearing in the Laurent expansion of vα around
(0, 0, 0, 0) are bounded below and above. For t4 this is obvious, because we
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assume Zαβ4 = 0. For variable t1 the reason is as follows (the proof for t2, t3
follows similarly. Write
(22) Zα =
Zαβ1
1− t1 + · · · ,
where · · · does not contain poles in t1 = 1. Plugging (22) into the definition
of vα in (20), we find that all poles in t1 = 1 cancel.
However, if Zα has legs along all four coordinate axes, then vα is in general
not a Laurent polynomial. For instance, suppose Zα corresponds to the curve
defined by {xixj = 0 : ∀ i 6= j}, i.e. the union of the four coordinate axes,
then an explicit calculation shows that vα is not a Laurent polynomial. We
now modify the definition of vα such that (21) still holds and vα is a Laurent
polynomial for all α ∈ V (X).
Remark 1.7. When considering stable pairs theory, we always assume As-
sumption 0.1, which implies that each Zα has at most two legs (Proposition
1.4). Then the definition of vα in (20) gives a Laurent polynomial as long as
we label our coordinate axes such that no leg occurs along the x4-axis. Since
the main focus of this paper is the DT/PT correspondence (Conjecture 0.5),
the rest of this subsection is not required for most of this paper, but is of
independent interest.
Define
vα := Zα − P 123ZαZα +
3∑
i=1
fαβi(ti′ , ti′′ , ti′′′)
1− ti
+
1
(1− t4)
{
− Zαβ4 + P 123
(
ZαZαβ4 − ZαZαβ4
)
+
P 123
1− t4Zαβ4Zαβ4
}
,
(23)
and define fαβi (i = 1, 2, 3, 4) and eαβi (i = 1, 2, 3, 4) as before. In particular,
we do not modify eαβ4 . Note that (23) only differs from our previous definition
of vα when Zαβ4 6= 0. A calculation similar to the beginning of this subsection
shows that (21) holds with this new definition of vα. Since we did not change
the definition of eαβi (i = 1, 2, 3, 4), it is a Laurent polynomial. In order to see
that vα is a Laurent polynomial, one shows that it has no pole in ti = 1 for
each i = 1, 2, 3, 4. Indeed, substituting
Zα =
Zαβi
1− ti + · · ·
into (23), where · · · does not contain poles in ti = 1, one finds that all poles
in ti = 1 cancel. For i = 4 this involves the (new) second line of (23).
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Finally we note that vα and eαβ do not have T -fixed term with positive
coefficient. This follows from the fact that Vα and Eαβ do not have T -fixed
term with positive coefficient (see comments in [CK2, Def. 2.12]). We therefore
established the following:
Lemma 1.8. The classes vα, eαβ are Laurent polynomials in t1, t2, t3, t4 satis-
fying the following equations
Vα = vα + vα, Eαβ = eαβ + eαβ.
Moreover, vα, eαβ do not have T -fixed term with positive coefficient.
Remark 1.9. When we want to stress the dependence on Zα, Zαβ and distin-
guish between the DT/PT case, we write vDTZα , v
PT
Zα
, eDTZαβ , e
PT
Zαβ
for the classes
introduced in this subsection.
Remark 1.10. In the case of In(C
4, 0), the possibility of an explicit choice of
of square root of Vα first appeared in [NP] and was kindly explained to us by
Piazzalunga. The choices of square root in (20) and (23) are non-unique. For
instance, in the case of In(C
4, 0), [NP] instead work with vα = Zα−P123ZαZα.
Our choice is convenient when taking limits in Section 2.
Remark 1.11. Our choice of square root (23) are asymmetric in the indices
1, 2, 3, 4, i.e. index 4 is singled out. Later, when we add the insertion of Defini-
tion 0.2 (giving v˜α in (24)), we want to single out the fourth direction. Putting
y = t4, we want [−v˜α] equal to zero when Zα is not scheme theoretically sup-
ported in the hyperplane {x4 = 0} and we want [−v˜α] equal to the vertex of
DT/PT theory of the toric 3-fold {x4 = 0} ∼= C3 when Zα is scheme theoreti-
cally supported in {x4 = 0} (Proposition 2.1).
1.4. K-theoretic insertion. We turn our attention to the K-theoretic inser-
tion in Definition 0.2. Using vα, eαβ defined in the previous section, we define
v˜α := vα − yZα +
4∑
i=1
yZαβi(ti′ , ti′′ , ti′′′)
1− t−1i
,
(24)
e˜αβ1 := eαβ1 +
t1
1− t1yZαβ1(t2, t3, t4)−
1
1− t1 yZαβ1(t2t
−mαβ1
1 , t3t
−m′
αβ1
1 , t4t
−m′′
αβ1
1 ),
e˜αβ2 := eαβ2 +
t2
1− t2yZαβ2(t1, t3, t4)−
1
1− t2 yZαβ2(t1t
−mαβ2
2 , t3t
−m′
αβ2
2 , t4t
−m′′
αβ2
2 ),
e˜αβ3 := eαβ3 +
t3
1− t3yZαβ3(t1, t2, t4)−
1
1− t3 yZαβ3(t1t
−mαβ3
3 , t2t
−m′
αβ3
3 , t4t
−m′′
αβ3
3 ),
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e˜αβ4 := eαβ4 +
t4
1− t4yZαβ4(t1, t2, t3)−
1
1− t4 yZαβ4(t1t
−mαβ4
4 , t2t
−m′
αβ4
4 , t3t
−m′′
αβ4
4 ).
Then
v˜α = Zα − yZα − P 123ZαZα +
3∑
i=1
f˜αβi(ti′ , ti′′, ti′′′)
1− ti
+
1
(1− t4)
{
− Zαβ4 − t4yZαβ4 + P 123
(
ZαZαβ4 − ZαZαβ4
)
+
P 123
1− t4Zαβ4Zαβ4
}
,
e˜αβ1 = t
−1
1
f˜αβ1(t2, t3, t4)
1− t−11
− f˜αβ1(t2t
−mαβ1
1 , t3t
−m′
αβ1
1 , t4t
−m′′
αβ1
1 )
1− t−11
,
e˜αβ2 = t
−1
2
f˜αβ2(t1, t3, t4)
1− t−12
− f˜αβ2(t1t
−mαβ2
2 , t3t
−m′
αβ2
2 , t4t
−m′′
αβ2
2 )
1− t−12
,
e˜αβ3 = t
−1
3
f˜αβ3(t1, t2, t4)
1− t−13
− f˜αβ3(t1t
−mαβ3
3 , t2t
−m′
αβ3
3 , t4t
−m′′
αβ3
3 )
1− t−13
,
e˜αβ4 = t
−1
4
f˜αβ4(t1, t2, t3)
1− t−14
− f˜αβ4(t1t
−mαβ4
4 , t2t
−m′
αβ4
4 , t3t
−m′′
αβ4
4 )
1− t−14
,
f˜αβ1 := −Zαβ1 − t1yZαβ1 +
P23
t2t3
Zαβ1Zαβ1,
f˜αβ2 := −Zαβ2 − t2yZαβ2 +
P13
t1t3
Zαβ2Zαβ2,
f˜αβ3 := −Zαβ3 − t3yZαβ3 +
P12
t1t2
Zαβ3Zαβ3,
f˜αβ4 := −Zαβ4 − t4yZαβ4 +
P12
t1t2
Zαβ4Zαβ4.
Lemma 1.12. The classes v˜α, e˜αβ are Laurent polynomials in t1, t2, t3, t4.
Moreover, v˜α, e˜αβ do not have T -fixed term with positive coefficient.
Proof. By Lemma 1.8, vα, eαβ are Laurent polynomials which do not have T -
fixed term with positive coefficient. Therefore, it suffices to only consider terms
involving y, for which it is easy to see that all poles in ti = 1 (i = 1, 2, 3, 4)
cancel. 
Remark 1.13. When we want to stress the dependence on Zα, Zαβ and dis-
tinguish between the DT/PT case, we write v˜DTZα , v˜
PT
Zα
, e˜DTZαβ , e˜
PT
Zαβ
for the classes
introduced in (24).
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We introduce some further notation. On each chart Uα ∼= C4 with coordi-
nates (x
(α)
1 , x
(α)
2 , x
(α)
3 , x
(α)
4 ) the (C
∗)4-action is given by
(25) t · x(α)i = χ(α)i (t) x(α)i , ∀ t = (t1, t2, t3, t4) ∈ (C∗)4
for some characters χ
(α)
i : (C
∗)4 → C∗ with i = 1, 2, 3, 4. We recall that both
fixed loci IT , P T consists of finitely many fixed points, giving rise to local data
Z =
({Zα}α∈V (X), {Zαβ}αβ∈E(X)).
In DT case, Zα are point- or curve-like solid partitions and Zαβ are finite
plane partitions. In the PT case, Zα are box configurations (see (15)) and
Zαβ are finite plane partitions. Recall that in the stable pairs case we impose
Assumption 0.1 from the introduction. Finally, we introduce the following
notation. For any tw11 t
w2
2 t
w3
3 t
w4
4 y
a ∈ KT×C∗0 (pt), we set
(26) [tw11 t
w2
2 t
w3
3 t
w4
4 y
a] := t
w1
2
1 t
w2
2
2 t
w3
2
3 t
w4
2
4 y
a
2 − t−
w1
2
1 t
−
w2
2
2 t
−
w3
2
3 t
−
w4
2
4 y
− a
2
and we extend this definition to KT0 (pt) by setting
[E − F ] := [E]
[F ]
, [0] := 1.
Theorem 1.14. Let X be a toric Calabi-Yau 4-fold, β ∈ H2(X,Z) and n ∈ Z.
Let V ∈ KT0 (X) and denote the Poincare´ polynomial of V |Uα by P (α)(t) ∈
KT0 (Uα). Then
In,β(V, y) =
∑
In(X,β)T
(−1)o(L)|Z
( ∏
α∈V (X)
[−v˜DTZα ]
)( ∏
αβ∈E(X)
[−e˜DTZαβ ]
)
,
Pn,β(V, y) =
∑
Pn(X,β)T
(−1)o(L)|Z
( ∏
α∈V (X)
[−v˜PTZα ]
)( ∏
αβ∈E(X)
[−e˜PTZαβ ]
)
,
where the sums are over all T -fixed points Z =
({Zα}α∈V (X), {Zαβ}αβ∈E(X))
and v˜Zα, e˜Zαβ are evaluated at
(t1, t2, t3, t4, y) = (χ
(α)
1 (t), χ
(α)
2 (t), χ
(α)
3 (t), χ
(α)
4 (t), P
(α)
(t) · y).
Proof. We discuss the DT case; the PT case is similar. We suppose V = OX
and discuss the general case afterwards. For any Z ∈ IT , we have
In,β(OX , y) =
∑
Z∈IT
(−1)o(L)|Z
ch
(√
KvirI |Z
1
2
)
ch
(
Λ•
√
T vir|Z∨
) ch(Λ•(O[n]X |Z ⊗ y−1))
ch((det(O[n]X |Z ⊗ y−1))
1
2 )
.
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By Lemma 1.8,
(27)
√
T virI |Z =
∑
α∈V (X)
vZα +
∑
αβ∈E(X)
eZαβ .
At any fixed point Z ∈ IT , we have
Λ•(O[n]X ⊗ y−1)
(det(O[n]X ⊗ y−1))
1
2
∣∣∣∣∣
Z
=
Λ•RΓ(X,OZ ⊗ y−1)
(det(RΓ(X,OZ ⊗ y−1)) 12 )
,
where O[n]X was defined in (1). Calculation by Cˇech cohomology gives
(28) trRΓ(X,OZ⊗y−1) =
∑
α∈V (X)
trΓ(Uα,OZα)⊗y−1 −
∑
αβ∈E(X)
trΓ(Uαβ ,OZαβ )⊗y−1.
As T -representations, trΓ(Uα,OZα) = Zα, where Zα was defined in (14). Suppose
P1 ∼= Lαβ = {x(α)2 = x(α)3 = x(α)4 = 0}, i.e. leg Zαβ is along the x(α)1 -axis, then
trΓ(Uαβ ,OZαβ ) = δ(χ
(α)
1 (t))Zαβ,
where χ
(α)
1 (t) denotes the character corresponding to the (C
∗)4-action on the
first coordinate of Uαβ ∼= C∗ × C3 and δ(t) was defined in (18). Next, we use
the following essential identity
ch(Λ•L∗) =
e(L)
td(L)
= 1− e−c1(L),
for any T -equivariant line bundle L. Hence
(29)
ch(Λ•L∗)
ch((detL∗)
1
2 )
=
1− e−c1(L)
e−
1
2
c1(L)
= e
c1(L)
2 − e− c1(L)2 .
Furthermore, we recall the following relations in the K-group
Λ•(E ⊕ F ) = Λ•E ⊗ Λ•F,
det(E ⊕ F ) = detE ⊗ detF.(30)
From (27), (28), (30), and the fact that ch(·) is a ring homomorphism, we
at once deduce
In,β(OX , y) =
∑
Z∈IT
(−1)o(L)|Z
∏
α∈V (X)
ch((det vZα)
1
2 )
ch(Λ•vZα)
ch(Λ•(OZα ⊗ y−1))
ch((det(OZα ⊗ y−1))
1
2 )∏
αβ∈E(X)
ch((det vZαβ)
1
2 )
ch(Λ•vZαβ)
ch(Λ•(OZαβ ⊗ y−1))
ch((det(OZαβ ⊗ y−1))
1
2 )
,
(31)
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where vZα, eZαβ were defined in (23). Using multi-index notation for t =
(t1, t2, t3, t4), where t1t2t3t4 = 1, we write
Zα =
∑
uZα
tuZα , vZα =
∑
vZα
tvZα −
∑
wZα
twZα ,
Zαβ =
∑
uZαβ
tuZαβ , eZαβ =
∑
vZαβ
tvZαβ −
∑
wZαβ
twZαβ .
Note that vZα, eZαβ , Zαβ are all Laurent polynomials (Lemma 1.8). However,
Zα is in general a Laurent series (we will redistribute its term shortly). Com-
bining (29) and (31), we find
In,β(OX , y) =
∑
Z∈IT
(−1)o(L)|Z
∏
α∈V (X)
∏
uZα ,vZα ,wZα
(
t
wZα
2 − t−wZα2
t
vZα
2 − t− vZα2
)
(t−
uZα
2 y
1
2 − t
uZα
2 y−
1
2 )
∏
αβ∈E(X)
∏
uZαβ ,vZαβ ,wZαβ
(
t
wZαβ
2 − t−
wZαβ
2
t
vZαβ
2 − t−
vZαβ
2
)
(t−
uZαβ
2 y
1
2 − t
uZαβ
2 y−
1
2 )
=
∑
Z∈IT
(−1)o(L)|Z
∏
α∈V (X)
[−vα] ·
∏
uZα
(t−
uZα
2 y
1
2 − t
uZα
2 y−
1
2 )
∏
αβ∈E(X)
[−eαβ ] ·
∏
uZαβ
(t−
uZαβ
2 y
1
2 − t
uZαβ
2 y−
1
2 ),
where, for each α ∈ V (X) and αβ ∈ E(X), the corresponding terms in the
product are evaluated in
t = (t1, t2, t3, t4) = (χ
(α)
1 (t), χ
(α)
2 (t), χ
(α)
3 (t), χ
(α)
4 (t)).
The terms in the products over uZα, uZαβ can be “absorbed” into vα, eαβ . This
can be achieved by distributing
−
∑
α∈V (X)
Zα ⊗ y +
∑
αβ∈E(X)
δ(χ
(α)
1 (t))Zαβ ⊗ y
over vα, eαβ as in (24). We conclude
In,β(V, y) =
∑
Z∈IT
(−1)o(L)|Z
( ∏
α∈V (X)
[−v˜α]
)( ∏
αβ∈E(X)
[−e˜αβ ]
)
.
This finishes the case V = OX . Since v˜α, e˜αβ are linear in y, replacing y by
P
(α)
(t) · y, P (αβ)(t) · y
establishes the general case. 
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Remark 1.15. In the case In(C
4, 0), which is discussed in [NP], our definition
of v˜Zα (24) differs slightly from loc. cit., who take (1−y−1)Zα−P123ZαZα. The
difference of the second term was discussed in Remark 1.10. The difference
of the y-term is explained as follows. For In(C
4, 0), Nekrasov-Piazzalunga
consider the invariant defined in Definition 0.2 but with V [n]⊗ y−1 replaced by
(V [n])∨ ⊗ y (and V = OX). Note the following two identities
Λ•E∨ = (−1)rk(E)Λ•E ⊗ det(E)∗,
det(E∨) = det(E)∗,
for any E ∈ KT×C∗0 (pt). This shows at once that our definition differs from
loc. cit. by an overall factor (−1)n. In the vertex formalism, it results in
replacing yZα by y
−1Zα in (24).
We end with an observation about the powers of the equivariant parameters.
The expressions [−v˜α], [−e˜αβ ] a priori involve half-integer powers of t1, t2, t3, t4
(formal square roots). In fact, taking a single leg of multiplicity one with
weights mαβ = 0, m
′
αβ = −1, m′′αβ = −1 already shows that non-integer powers
indeed occur in the edge. Nonetheless, for the vertex we have the following:
Proposition 1.16. We have
[−v˜α] ∈ Q(t1, t2, t3, t4, y 12 )/(t1t2t3t4 − 1).
Proof. We first consider the case that Zα satisfies Zαβ1 = Zαβ2 = Zαβ3 =
Zαβ4 = 0. As before, we will use multi-index notation for t = (t1, t2, t3, t4). A
monomial ±tv in v˜α contributes as follows to [−v˜α]:
[∓tv] = (t v2 − t− v2 )∓1 =
(1− t−v
t−
v
2
)∓1
.
Hence, non-integer powers can only come from t∓
v
2 = (det(∓tv)) 12 . Therefore,
it suffices to calculate (det(·)) 12 of
v˜α = Zα − yZα − P 123ZαZα.
Writing Zα =
∑
u t
u, we find
(det v˜α)
1
2 =
∏
u
t
u
2
y
1
2 t−
u
2
=
∏
u
y−
1
2 tu,
where we used that det(P 123ZαZα) = 1.
For the general case, write Zα =
∑4
i=1
Zαβi
1−ti
+ W , where W is a Laurent
polynomial. Next, substitute this expression for Zα into definition (24) of v˜α
and cancel all poles. Similar to the calculation above, taking (det(·)) 12 of the
resulting Laurent polynomial gives only integer powers of ti. 
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1.5. K-theoretic 4-fold vertex. Let λ, µ, ν, ρ be plane partitions of finite
size. This determines a T -fixed Cohen-Macaulay curve C ⊆ C4 with solid
partition defined by (10). We denote this solid partition by πCM(λ, µ, ν, ρ).
Consider the following:
• All T -fixed closed subschemes Z ⊆ C4 with underlying maximal Cohen-
Macaulay subcurve C. These correspond to solid partitions π with
asymptotic plane partitions λ, µ, ν, ρ in directions 1, 2, 3, 4. We de-
note the collection of such solid partitions by ΠDT(λ, µ, ν, ρ). Any
π ∈ ΠDT(λ, µ, ν, ρ) determines a character Zpi defined by the RHS of
(14) and hence, by (24), a Laurent polynomial
v˜
DT
pi ∈ Q[t±11 , t±12 , t±13 , t±14 , y]/(t1t2t3t4 − 1).
• Assume at most two of λ, µ, ν, ρ are non-empty. Consider all T -fixed
stable pairs (F, s) onX with underlying Cohen-Macaulay support curve
C. These correspond to box configurations as described in Section 1.1.
We denote the collection of these box configurations by ΠPT(λ, µ, ν, ρ).
Any B ∈ ΠPT(λ, µ, ν, ρ) determines a character ZB defined by the RHS
of (15), where the Cohen-Macaulay part is given by (14) with solid
partition πCM(λ, µ, ν, ρ). By (24), this determines a Laurent polynomial
v˜
PT
B ∈ Q[t±11 , t±12 , t±13 , t±14 , y]/(t1t2t3t4 − 1).
Definition 1.17. Let λ, µ, ν, ρ be plane partitions of finite size. Define the DT
4-fold vertex by
V
DT
λµνρ(t, y, q)o(L) :=
∑
pi∈ΠDT(λ,µ,ν,ρ)
(−1)o(L)|pi [−v˜DTpi ] q|pi|
∈ Q(t1, t2, t3, t4, y 12 )/(t1t2t3t4 − 1)((q)),
where o(L)|pi = 0, 1 denotes a choice of sign for each π, [·] was defined in (26),
|π| denotes renormalized volume (Definition 1.2), and RHS is well-defined by
Lemma 1.12. Note that the powers of ti are integer by Proposition 1.16.
Next, suppose at most two of λ, µ, ν, ρ are non-empty. Define the PT 4-fold
vertex by
V
PT
λµνρ(t, y, q)o(L) :=
∑
B∈ΠPT(λ,µ,ν,ρ)
(−1)o(L)|B [−v˜PTB ] q|B|+|piCM(λ,µ,ν,ρ)|
∈ Q(t1, t2, t3, t4, y 12 )/(t1t2t3t4 − 1)((q)),
where o(L)|B = 0, 1 denotes a choice of sign for each B, |B| denotes the total
number of boxes in the box configuration, and |πCM(λ, µ, ν, ρ)| denotes renor-
malized volume. We often omit o(L) from the notation.
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Similarly, to any finite plane partition λ, we associate a character Zλ defined
by RHS of (16). We then define edge terms
E
DT
λ (t, y) = E
PT
λ (t, y) := (−1)o(L)|λ [−e˜Zλ ] ∈ Q(t
1
2
1 , t
1
2
2 , t
1
2
3 , t
1
2
4 , y
1
2 )/(t1t2t3t4 − 1),
where e˜Zλ was defined in (24).
The vertex formalism reduces the calculation of In,β(V, y), Pn,β(V, y) for any
toric Calabi-Yau 4-fold X , β ∈ H2(X,Z), and n ∈ Z to a combinatorial expres-
sion involving Vλµνρ and Eλ. We illustrate this in a sufficiently general example.
Let X be the total space of OP2(−1)⊕OP2(−2). Let β = d [P1], where P1 lies
in the zero section P2 ⊆ X , and V ∈ KT0 (X). Denote the Poincare´ polynomial
of V |Uα by P (α)(t) ∈ KT0 (Uα) for all α = 1, 2, 3. Then Lemma 1.3 and Theorem
1.14 imply∑
n
In,β(V, y) q
n =
∑
λ,µ,ν
|λ|+|µ|+|ν|=d
qf1,−1,−2(λ)+f1,−1,−2(µ)+f1,−1,−2(ν)
· EDTλ |(t1,t2,t3,t4,P (1)(t1,t2,t3,t4)y)V
DT
λµ∅∅|(t1,t2,t3,t4,P (1)(t1,t2,t3,t4)y)E
DT
µ |(t2,t1,t3,t4,P (1)(t2,t1,t3,t4)y)
· VDTµν∅∅|(t−12 ,t1t−12 ,t3t2,t4t22,P (2)(t−12 ,t1t−12 ,t3t2,t4t22)y)E
DT
ν |(t1t−12 ,t−12 ,t3t2,t4t22,P (2)(t1t−12 ,t−12 ,t3t2,t4t22)y)
· VDTνλ∅∅|(t2t−11 ,t−11 ,t3t1,t4t21,P (3)(t2t−11 ,t−11 ,t3t1,t4t21)y),
where the sum is over all finite plane partitions λ, µ, ν satisfying |λ|+|µ|+|ν| =
d. Here the choice of signs for the invariants In,β(V, y) is determined by the
choice of signs in each vertex and edge term. Replacing DT by PT, the same
expression holds for the generating function of Pn,β(V, y).
We conjecture that the DT/PT 4-fold vertex satisfy Conjecture 0.5. As
above, for finite plane partitions λ, µ, ν, ρ, we denote by πCM(λ, µ, ν, ρ) the
curve-like solid partition corresponding to the Cohen-Macaulay curve with
“asymptotics” λ, µ, ν, ρ. We normalize the DT/PT 4-fold vertex so they start
with q0 (whose coefficient is in general not equal to 1). This is achieved by
multiplying by q−|piCM(λ,µ,ν,ρ)|.
Using the vertex formalism, we verified the following cases:
Proposition 1.18. There are choices of signs such that
q−|piCM(λ,µ,ν,ρ)| VDTλµνρ(t, y, q) = q
−|piCM(λ,µ,ν,ρ)| V
PT
λµνρ(t, y, q)V
DT
∅∅∅∅(t, y, q) mod q
N
in the following cases:
• for any |λ|+ |µ|+ |ν|+ |ρ| 6 1 and N = 4,
• for any |λ|+ |µ|+ |ν|+ |ρ| 6 2 and N = 4,
• for any |λ|+ |µ|+ |ν|+ |ρ| 6 3 and N = 3,
• for any |λ|+ |µ|+ |ν|+ |ρ| 6 4 and N = 3.
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In each of these cases, the uniqueness statement of Conjecture 0.5 holds.
Remark 1.19. In Conjecture 0.5, at each order of qn, we conjecture a unique
choice of signs (up to an overall sign) for which the correspondence holds;
provided we choose the signs for VDT∅∅∅∅ as coming from Nekrasov’s conjecture
0.4. Some terms on LHS and RHS of the correspondence at order qn also
appear at order qn−1. We also conjecture that the choices made at order qn
are compatible with those at order qn−1 for all n. We checked this in all cases
listed in the previous proposition.
We now show that Conjecture 0.5 implies Theorem 0.6 (global K-theoretic
DT/PT correspondence).
Proof of Theorem 0.6. For ease of notation, we consider the case where X =
TotP2(O(−1) ⊕ O(−2)) and β = d [P1]. The general case follows similarly.
Conjecture 0.5 implies that there exist choices of signs such that∑
n
In,β(V, y) q
n =
∑
λ,µ,ν
|λ|+|µ|+|ν|=d
qf1,−1,−2(λ)+f1,−1,−2(µ)+f1,−1,−2(ν)
· EDTλ |(t1,t2,t3,t4,P (1)(t1,t2,t3,t4)y)V
DT
λµ∅∅|(t1,t2,t3,t4,P (1)(t1,t2,t3,t4)y)E
DT
µ |(t2,t1,t3,t4,P (1)(t2,t1,t3,t4)y)
· VDTµν∅∅|(t−12 ,t1t−12 ,t3t2,t4t22,P (2)(t−12 ,t1t−12 ,t3t2,t4t22)y)E
DT
ν |(t1t−12 ,t−12 ,t3t2,t4t22,P (2)(t1t−12 ,t−12 ,t3t2,t4t22)y)
· VDTνλ∅∅|(t2t−11 ,t−11 ,t3t1,t4t21,P (3)(t2t−11 ,t−11 ,t3t1,t4t21)y)
= VDT∅∅∅∅
∣∣∣
(t1,t2,t3,t4,P
(1)
(t1,t2,t3,t4)y)
· VDT∅∅∅∅|(t−12 ,t1t−12 ,t3t2,t4t22,P (2)(t−12 ,t1t−12 ,t3t2,t4t22)y)
· VDT∅∅∅∅|(t2t−11 ,t−11 ,t3t1,t4t21,P (3)(t2t−11 ,t−11 ,t3t1,t4t21)y)
∑
λ,µ,ν
|λ|+|µ|+|ν|=d
qf1,−1,−2(λ)+f1,−1,−2(µ)+f1,−1,−2(ν)
· EPTλ |(t1,t2,t3,t4,P (1)(t1,t2,t3,t4)y)V
PT
λµ∅∅|(t1,t2,t3,t4,P (1)(t1,t2,t3,t4)y)E
PT
µ |(t2,t1,t3,t4,P (1)(t2,t1,t3,t4)y)
· VPTµν∅∅|(t−12 ,t1t−12 ,t3t2,t4t22,P (2)(t−12 ,t1t−12 ,t3t2,t4t22)y)E
PT
ν |(t1t−12 ,t−12 ,t3t2,t4t22,P (2)(t1t−12 ,t−12 ,t3t2,t4t22)y))
· VPTνλ∅∅|(t2t−11 ,t−11 ,t3t1,t4t21,P (3)(t2t−11 ,t−11 ,t3t1,t4t21)y)
=
(∑
n
In,0(V, y) q
n
)
·
(∑
n
Pn,β(V, y) q
n
)
. 
Remark 1.20. Let X be a toric Calabi-Yau 4-fold and let I := In(X, β),
P := Pn(X, β). Consider the “virtual holomorphic Euler characteristic” of I
χ
(
I, ÔvirI
)
:= χ
(
IT ,
ÔvirI
Λ•
√
Nvir
∨
)
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:=
∑
Z∈IT
(−1)o(L)|Ze
(√
ObI |Z
f
) ch(√KvirI |Z 12)
ch
(
Λ•
√
Nvir|Z∨
)td(√T virI |Zf) ,
and its stable pairs analog with I replaced by P . Then one can develop a
(simpler) vertex formalism for these invariants. We checked in the case of a
single leg of multiplicity one with a single embedded point that the analog of
the DT/PT correspondence (Conjecture 0.5) fails for all choices of signs. In
particular, the normalization det(V [n] ⊗ y−1) 12 in Definition 0.2 is essential.
2. Limits of K-theoretic conjecture
2.1. Dimensional reduction. Let X be a toric Calabi-Yau 4-fold and β ∈
H2(X,Z). Let Z = {{Zα}α∈V (X), {Zαβ}αβ∈E(X)} be an element of either of the
fixed loci ⋃
n
In(X, β)
T ,
⋃
n
Pn(X, β)
T ,
where we recall Assumption 0.1 from the introduction. We will work in one
chart Uα ∼= C4.
Suppose the underlying Cohen-Macaulay curve corresponding to Zα lies
scheme theoretically inside the hyperplane {x4 = 0}. In the stable pairs case,
this implies Zα is scheme theoretically supported inside {x4 = 0}, however in
the DT case Zα may have embedded points “sticking out” of {x4 = 0}.
Proposition 2.1. If Zα lies scheme theoretically in {x4 = 0}, then v˜Zα|y=t4 =
V
3D
Zα, where V
3D
Zα is the (fully equivariant) DT/PT vertex of [MNOP, Sect. 4.7–
4.9] and [PT2, Sect. 4.4–4.6]. If the underlying Cohen-Macaulay curve of Zα
lies scheme theoretically in {x4 = 0}, but Zα does not (which can only happen
in the DT case), then [−v˜Zα]|y=t4 = 0.
Proof. When Zα lies scheme theoretically inside {x4 = 0} ⊆ C4 =: Uα, the
statement follows at once by comparing (24) to [MNOP, Sect. 4.7–4.9], [PT2,
Sect. 4.4–4.6].
Suppose we consider the DT case and the underlying maximal Cohen-Macaulay
curve of Zα is scheme theoretically supported in {x4 = 0}, but Zα is not scheme
theoretically supported in {x4 = 0}. Before substituting y = t4, the vertex v˜Zα
does not have T -fixed term with positive coefficient by Lemma 1.12. There-
fore, it suffices to consider the T -fixed term arising from setting y = t4 in the
y-dependent part of v˜Zα.
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As usual, we write
Zα =
3∑
i=1
Zαβi
1− ti +W,
where β1, β2, β3 are the vertices in {x4 = 0} neighbouring α andW is a Laurent
polynomial in t1, t2, t3, t4. The only terms involving y in v˜Zα are −yW . Since
Zα is not scheme theoretically supported inside {x4 = 0}, W contains the term
+t4. Setting y = t4 this term contributes
−yt4 = −1.
Furthermore, the underlying maximal Cohen-Macaulay curve of Zα is con-
tained in {x4 = 0}, so all negative terms of W are of the form −tw11 tw22 tw33
with w1, w2, w3 > 0. Therefore W does not contain terms of the form −t4
(which equals −t−11 t−12 t−13 ). Hence v˜Zα|y=t4 has negative T -fixed term and the
proposition follows. 
Proof of Theorem 0.7. The first part of Theorem 0.7 is an immediate corollary
of Proposition 2.1. Note that on RHS we obtain −q due to our choice of signs 8.
For the second part of Theorem 0.7, we choose signs as in Conjecture 0.5 and
we assume this can be done compatibly with the choice of signs of all T -fixed
points which are scheme theoretically supported on {x4 = 0} as stated in the
theorem. Then the second part of the theorem follows. 
Proof of Theorem 0.9. We recall the vertex formalism for K-theoretic DT in-
variants of toric 3-folds from [NO, O, Arb] (the stable pairs case is similar).
We have
(32) χ(In(D, β), ÔvirI ) =
∑
Z∈In(D,β)(C
∗)3
e(ObfI |Z)
ch(
√
KvirI |Z)
ch(Λ•(Nvir|Z)∨)td((T
vir
I |Z)f),
where T virI |Z is the virtual tangent bundle, i.e. dual perfect obstruction theory,
of I := In(D, β) at Z, ObI := h
1(T virI ), and the square root exists by [NO,
Sect. 6]. Note that for different choices of square roots
√
KvirI |Z , the first
Chern class (modulo torsion) does not change, so the invariants remain the
same (see also [Arb, Section 2.5]). Moreover Nvir|Z denotes the (C∗)3-moving
part of T virI |Z and (·)f denotes (C∗)3-fixed part. By [MNOP, Lem. 6], T virI |Z
8Choosing all signs of all T -fixed points which are scheme theoretically supported on
{x4 = 0} equal to +1 amounts to replacing −q by q on RHS of (3).
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has no (C∗)3-fixed terms with positive coefficients 9, hence
χ(In(D, β), ÔvirI ) =
∑
Z∈In(D,β)(C
∗)3
ch(
√
KvirI |Z)
ch(Λ•(T virI |Z)∨)
.
From (29) and (30), we deduce10
χ(In(D, β), ÔvirI ) =
∑
Z∈In(D,β)T
( ∏
α∈V (D)
[−V3D,DTZα ]
)( ∏
αβ∈E(D)
[−E3D,DTZαβ ]
)
,
where the sums are over all T -fixed points Z =
({Zα}α∈V (D), {Zαβ}αβ∈E(D)) and
V
3D,DT
Zα
,E3D,DTZαβ are evaluated at the characters of the (C
∗)3-action on Uα ∩ D,
Uαβ ∩D respectively.
The generating function
∑
n χ(In(D, β), ÔvirI ) qn is calculated using the K-
theoretic 3-fold DT vertex V3D,DTλµν (t, q) much like in the calculation after Defi-
nition 1.17. Since the DT/PT edge coincide [PT2, Sect. 0.4], the result follows
from Theorem 0.7 and a calculation similar to the proof of Theorem 0.6. 
2.2. Cohomological limit I. Again, let Z = {{Zα}α∈V (X), {Zαβ}αβ∈E(X)} be
an element of either of the fixed loci⋃
n
In(X, β)
T ,
⋃
n
Pn(X, β)
T ,
where we recall Assumption 0.1 from the introduction. We will work in one
chart Uα ∼= C4 or Uαβ ∼= C∗ × C3 with standard torus action (7).
Proposition 2.2. For any α ∈ V (X) and αβ ∈ E(X), we have
v˜Zα|(1,1,1,1,1) = 0, e˜Zαβ |(1,1,1,1,1) = 0,
i.e. the ranks of v˜Zα and e˜Zαβ are zero.
Let ZCM,α be the underlying Cohen-Macaulay curve of Zα and denote by
λ, µ, ν, ρ its asymptotic plane partitions. In the DT case, define
Wα :=
∑
w∈Zα\ZCM,α
tw +
∑
w∈ZCM,α
(
1−#{legs containing w}) tw.
In the stable pairs case, define
Wα :=
∑
w∈B(α)
tw +
∑
w∈ZCM,α
(
1−#{legs containing w}) tw,
9In fact, it has no (C∗)3-fixed terms with negative coefficient either by [MNOP, Lem. 8].
10This is the K-theoretic vertex formalism for DT theory on toric 3-folds [NO, O, Arb].
See [MNOP] for the (original) cohomological case.
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where B(α) is the box configuration corresponding to the fixed point Zα (15).
Then the terms involving y in the Laurent polynomial v˜Zα are −yW α.
Suppose P1 ∼= Lαβ = {x2 = x3 = x4 = 0}, i.e. leg Zαβ lies along the x1-axis.
Then the terms involving y in the Laurent polynomial e˜Zαβ are precisely
(33) − y
(
Zαβ − ∂
∂t1
∣∣∣
t1=1
Zαβ
∣∣∣
(t2t
−mαβ
1 ,t3t
−m′
αβ
1 ,t4t
−m′′
αβ
1 )
+O(t1 − 1)
)
.
Proof. By definition of Wα, we have
Zα =
4∑
i=1
Zαβi(ti′ , ti′′, ti′′′)
1− ti +Wα,
where Zαβi, Wα are all Laurent polynomials. Plugging into (24) gives the
following identity in Z[t±11 , t
±1
2 , t
±1
3 , y
±1]
v˜Zα − (Wα − yWα) ≡ 0 mod (1− t1, 1− t2, 1− t3, 1− (t1t2t3)−1).
This implies
v˜Zα|(1,1,1,1,1) =
(
Wα − yWα
)|(1,1,1,1,1) = 0.
Moreover, we find that the only terms in v˜Zα containing y after redistribution
are −yWα.
Next we turn our attention to the edge term e˜Zαβ defined in (24). Multiply
numerator and denominator of e˜Zαβ by t1 so the denominator becomes t1 − 1.
Since numerator and denominator both contain a zero at t1 = 1, the Laurent
polynomial e˜Zαβ is of the following form
(34) − yZαβ − ∂
∂t1
∣∣∣
t1=1
(
t1 f˜αβ
∣∣∣
(t−11 ,t2t
−mαβ
1 ,t3t
−m′
αβ
1 ,t4t
−m′′
αβ
1 )
)
+O(t1 − 1),
where the term O(t1 − 1) obviously has rank 0. Next, we write
Zαβ =
∑
j,k>1
λαβ∑
l=1
tj−12 t
k−1
3 t
l−1
4 ,
where λαβ is the finite plane partition describing Zαβ. Substituting into (34),
one easily finds
e˜Zαβ |(1,1,1,1,1) = 0.
Moreover, the terms involving y in (34) are
−yZαβ + y ∂
∂t1
∣∣∣
t1=1
Zαβ
∣∣∣
(t2t
−mαβ
1 ,t3t
−m′
αβ
1 ,t4t
−m′′
αβ
1 )
modulo multiples of (t1 − 1). This yields the result. 
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We set ti = e
bλi for all i = 1, 2, 3, 4 and y = ebm. The relation t1t2t3t4 = 1
translates into λ1 + λ2 + λ3 + λ4 = 0. We are interested in the limit b→ 0.
Proposition 2.3. For any α ∈ V (X) and αβ ∈ E(X), the following limits
lim
b→0
[−v˜Zα]|ti=ebλi ,y=emb, limb→0[−e˜Zαβ ]|ti=ebλi ,y=emb
exist in Q(λ1, λ2, λ3, λ4, m)/(λ1 + λ2 + λ3 + λ4).
Proof. Using multi-index notation for τ := (t1, t2, t3, t4, y), we write
v˜Zα =
∑
v
τ v −
∑
w
τw.
These sums are finite by Lemma 1.12. This representation is unique when we
require that the sequences {v}, {w} have no elements in common. Proposition
2.2 implies that the number of + (i.e. “deformation”) and− (i.e. “obstruction”)
terms in both expressions are equal, i.e.∑
v
1−
∑
w
1 = 0.
Write the components of the weight vectors in the sum as follows
v = (v1, v2, v3, v4, vm)
and similarly for w. Then
[−v˜Zα]|ti=ebλi ,y=emb =
∏
w
(
(w1λ1 + w2λ2 + w3λ3 + w4λ4 + wmm) b+O(b
2)
)∏
v
(
(v1λ1 + v2λ2 + v3λ3 + v4λ4 + vmm) b+O(b2)
) .
Since the number of factors in numerator and denominator is equal, say N =∑
v 1 =
∑
w 1, we can divide numerator and denominator by b
N and deduce
that the limit exists and equals
(35) lim
b→0
[−v˜Zα ]|ti=ebλi ,y=emb =
∏
w(w1λ1 + w2λ2 + w3λ3 + w4λ4 + wmm)∏
v(v1λ1 + v2λ2 + v3λ3 + v4λ4 + vmm)
.
The proof for e˜Zαβ is similar. 
Proof of Theorem 0.11. Consider the generating series∑
n
In,β(V, y)
∣∣
ti=ebλi ,y=ebm
qn,
∑
n
Pn,β(V, y)
∣∣
ti=ebλi ,y=ebm
qn.
Both series are calculated by the vertex formalism of Theorem 1.14. Propo-
sition 2.3 implies that the limits b → 0 exist. Recall that for any equivariant
line bundle L we have (29)
ch(Λ•L∗)
ch((detL∗)
1
2 )
=
1− e−c1(L)
e−
1
2
c1(L)
= e
c1(L)
2 − e− c1(L)2 .
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Let τ := (t1, t2, t3, t4, y) and use multi-index notation. If L = τ
w, where w =
(w1, w2, w3, w4, wm), we obtain
ch(Λ•L∗)
ch((detL∗)
1
2 )
∣∣∣
ti=ebλi ,y=ebm
= (w1λ1 + w2λ2 + w3λ3 + w4λ4 + wmm)b+O(b
2).
Note that e(L) = w1λ1 + w2λ2 + w3λ3 + w4λ4 + wmm. The first part of the
theorem then follows from equation (35) in the proof of Proposition 2.3.
Next assume Conjecture 0.5 holds. The second part of the theorem follows
from Theorem 0.6. 
Remark 2.4. Taking the cohomological limit of Proposition 2.3 and setting
m = −λ1−λ2−λ3, one recovers the cohomological 3-fold DT/PT vertex from
the cohomological 4-fold DT/PT vertex (this follows from Proposition 2.1).
Using the vertex formalism, the 4-fold cohomological DT/PT correspondence
therefore implies the 3-fold cohomological DT/PT correspondence. This gives
the second diagonal arrow of Figure 1 in the introduction.
2.3. Cohomological limit II. As before, let Z = {{Zα}α∈V (X), {Zαβ}αβ∈E(X)}
be an element of either of the fixed loci⋃
n
In(X, β)
T ,
⋃
n
Pn(X, β)
T ,
where we recall Assumption 0.1 from the introduction. We will work in one
chart Uα ∼= C4 or Uαβ ∼= C∗ × C3 with standard torus action (7). In the DT
case, Zα is a point- or curve-like solid partition, whose renormalized volume
we denote by |Zα|. In the stable pairs case, Zα consists of a Cohen-Macaulay
support curve ZCM,α together with a box configuration B
(α) (15). We denote
the sum of the renormalized volume of ZCM,α and the length of B
(α) by |Zα|
as well.
In this section, we set ti = e
bλi for all i = 1, 2, 3, 4, y = ebm, Q = qm, and
take the double limit b→ 0, m→∞. In (5), we recalled the definition of the
cohomological DT/PT invariants Icohon,β , P
coho
n,β studied in [CK2]. In [CK2], we
defined
V
coho,DT
λµνρ , V
coho,PT
λµνρ , E
coho,DT
λ , E
coho,PT
λ ,
which are defined precisely as in Definition 1.17 but with the Nekrasov bracket
[·] replaced by T -equivariant Euler class e(·).
Proposition 2.5. For any α ∈ V (X) and αβ ∈ E(X), we have
lim
b→0
m→∞
(
[−v˜Zα] q|Zα|
)∣∣
ti=ebλi ,y=emb,Q=mq
= e(−VcohoZα )Q|Zα|,
lim
b→0
m→∞
(
[−e˜Zαβ ] qf(α,β)
)∣∣
ti=ebλi ,y=emb,Q=mq
= e(−EcohoZαβ )Qf(α,β),
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where f(α, β) was defined in (11).
Proof. We continue using the notation of the proof of Propositions 2.2 and 2.3.
We already showed
lim
b→0
[−v˜Zα]|ti=ebλi ,y=emb q|Wα| =
∏
w(w1λ1 + w2λ2 + w3λ3 + w4λ4 + wmm)∏
v(v1λ1 + v2λ2 + v3λ3 + v4λ4 + vmm)
(Q
m
)|Wα|
,
(36)
where Wα was defined in the statement of Proposition 2.2. In fact, y always
appears in v˜Zα, e˜Zαβ with power +1, so wm, vm are elements of {0, 1}.
As before, we set τ := (t1, t2, t3, t4, y) and we write
Wα =
∑
a
τa −
∑
c
τ c,
where the collections of weights {a} and {c} have no elements in common.
Observe that the rank of Wα equals the renormalized volume |Zα| (Definition
1.2). By Proposition 2.2, the terms of (36) involving m (i.e. wm 6= 0 or vm 6= 0)
are precisely∏
a(−a1λ1 − a2λ2 − a3λ3 − a4λ4 +m)∏
c(−c1λ1 − c2λ2 − c3λ3 − c4λ4 +m)
m−
∑
a 1+
∑
c 1Q|Zα|
=
∏
a(−a1 λ1m − a2 λ2m − a3 λ3m − a4 λ4m + 1)∏
c(−c1 λ1m − c2 λ2m − c3 λ3m − c4 λ4m + 1)
Q|Zα|.
Therefore, sending m→∞, this term becomes Q|Zα|. As we saw in the proof of
Theorem 0.11, the terms of (36) which do not involving m (i.e. wm = vm = 0)
together are equal to e(−VcohoZα ). So in total, we have
lim
b→0
m→∞
(
[−v˜Zα ] q|Zα|
)∣∣
ti=ebλi ,y=emb,Q=mq
= e(−VcohoZα )Q|Zα|.
Next, we turn our attention to e˜Zαβ . Let λαβ be the asymptotic plane parti-
tion corresponding to Zαβ. Denote the term in between brackets in (33) by∑
a
τa −
∑
c
τ c,
where {a} and {c} have no elements in common. By (33), the rank of this
complex is ∑
a
1−
∑
c
1 = f(α, β),
where f(α, β) is defined in (11). Consequently, the terms of
lim
b→0
[−e˜Zαβ ]|ti=ebλi ,y=emb
K-THEORETIC DT/PT FOR TORIC CALABI-YAU 4-FOLDS 37
involving m are equal to∏
a(a1λ1 + a2λ2 + a3λ3 + a4λ4 +m)∏
c(c1λ1 + c2λ2 + c3λ3 + c4λ4 +m)
m−
∑
a 1+
∑
c 1Qf(α,β)
=
∏
a(a1
λ1
m
+ a2
λ2
m
+ a3
λ3
m
+ a4
λ4
m
+ 1)∏
c(c1
λ1
m
+ c2
λ2
m
+ c3
λ3
m
+ c4
λ4
m
+ 1)
Qf(α,β).
Taking m → ∞, this reduces to Qf(α,β). As in the case of the vertex, we
conclude
lim
b→0
m→∞
(
[−e˜Zαβ ] qf(α,β)
)∣∣
ti=ebλi ,y=emb,Q=mq
= e(−EcohoZαβ )Qf(α,β). 
Proof of Theorem 0.14. The first part of the theorem follows from Theorem
1.14 and Proposition 2.5. Moreover, by Proposition 2.5 and Definition 1.17 we
have
lim
b→0
m→∞
V
DT
λµνρ(t, y, q)
∣∣
ti=ebλi ,y=emb,Q=mq
= Vcoho,DTλµνρ (Q),
lim
b→0
m→∞
V
PT
λµνρ(t, y, q)
∣∣
ti=ebλi ,y=emb,Q=mq
= Vcoho,PTλµνρ (Q),
where λ, µ, ν, ρ are finite plane partitions and in the stable pairs case, we assume
at most two of them are non-empty. Moreover, the choices of signs for RHS
are determined by the choices of signs for LHS. We deduce that Conjecture 0.5
implies Conjecture 0.13. 
Appendix A. Hilbert schemes of points
In this appendix, we consider Nekrasov’s Conjecture 0.4 in the two cohomo-
logical limits discussed in Section 2.2, 2.3 (see also [Nek, NP]).
Let X be a toric Calabi-Yau 4-fold with T -equivariant line bundle L. By
Theorem 0.11, we have
lim
b→0
m→0
In,0(L, y)|ti=ebλi ,y=ebm = limm→0
∫
[Hilbn(X)]vir
o(L)
cn((L
[n])∨ ⊗ em),
where the invariants on the RHS are defined by localization (4). Since L[n] is
a rank n vector bundle, we have
cn((L
[n])∨ ⊗ em) =
n∑
i=0
ci((L
[n])∨)mn−i,
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and similarly at any T -fixed point. Hence 11
lim
b→0
m→0
In,0(L, y)|ti=ebλi ,y=ebm = (−1)n
∫
[Hilbn(X)]vir
o(L)
cn(L
[n]).
These invariants were studied in [CK1], where it is conjectured that there exist
choices of signs such that the following equation holds
(37)
∞∑
n=0
qn
∫
[Hilbn(X)]vir
o(L)
cn(L
[n]) =M(−q)
∫
X
c1(L) c3(X),
where all Chern classes are T -equivariant,
∫
X
denotes T -equivariant push-
forward to a point, and
M(q) :=
∞∏
n=1
1
(1− qn)n
denotes MacMahon’s generating function for plane partitions.
As noted before in [Nek, Sect. 5.2], the conjectural formula (37) is a special
case of Conjecture 0.4 as can be seen as follows. 12 For any n > 1, we have
lim
b→0
[tn1 t
n
2 ][t
n
1 t
n
3 ][t
n
2 t
n
3 ][y
n]
[tn1 ][t
n
2 ][t
n
3 ][t
n
4 ][y
n
2 qn][y
n
2 q−n]
∣∣∣
ti=ebλi ,y=emb
= lim
b→0
m(λ1 + λ2)(λ1 + λ3)(λ2 + λ3)(bn)
4 + O((bn)5)
((λ1λ2λ3λ4)(bn)4 +O((bn)5))(e
bmn
4 q
n
2 − e− bmn4 q−n2 )(e bmn4 q−n2 − e− bmn4 q n2 )
=
m(λ1 + λ2)(λ1 + λ3)(λ2 + λ3)
λ1λ2λ3(λ1 + λ2 + λ3)(q
n
2 − q−n2 )2 .
Recall the following identity
Exp
(
q
(1− q)2
)
=
∞∏
n=1
1
(1− qn)n .
Let L|C4 ∼= OC4 ⊗ td11 td22 td33 td44 . Taking m = −(d1λ1 + d2λ2 + d3λ3 + d4λ4) and
using Theorem 0.11, we see that Nekrasov’s conjecture implies (37) forX = C4.
Since LHS and RHS of (37) are “suitably multiplicative”, (37) also follows for
any toric Calabi-Yau 4-fold X (see [CK1, Prop. 3.20] for details).
11Note that on a smooth projective Calabi-Yau 4-fold, [Hilbn(X)]vir
o(L) has degree 2n and
the limit m→ 0 would not be needed.
12Unlike [Nek], which was motivated by physics, our motivation for (37) came from our
analogous conjecture on smooth projective Calabi-Yau 4-folds [CK1, Conj. 1.2].
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Finally, we consider the following limit (Theorem 0.14)
lim
b→0
m→∞
(
In,0(OX , ebm) qn
)∣∣∣
ti=ebλi ,Q=mq
= Qn
∫
[Hilbn(X)]vir
o(L)
1,
where the RHS is defined by localization, i.e. (5). For any n > 1, we have
lim
b→0
m→∞
[tn1 t
n
2 ][t
n
1 t
n
3 ][t
n
2 t
n
3 ][y
n]
[tn1 ][t
n
2 ][t
n
3 ][t
n
4 ][y
n
2 qn][y
n
2 q−n]
∣∣∣
ti=ebλi ,y=emb,Q=mq
= lim
m→∞
m(λ1 + λ2)(λ1 + λ3)(λ2 + λ3)
λ1λ2λ3(λ1 + λ2 + λ3)
(
Q
m
)n
(
1−
(
Q
m
)n)2
=
{
(λ1+λ2)(λ1+λ3)(λ2+λ3)
λ1λ2λ3(λ1+λ2+λ3)
Q if n = 1
0 otherwise.
Therefore, Nekrasov’s Conjecture 0.4 implies that there exist choices of signs
such that the following identity holds
∞∑
n=0
Qn
∫
[Hilbn(C4)]vir
o(L)
1 = e
(λ1+λ2)(λ1+λ3)(λ2+λ3)
λ1λ2λ3(λ1+λ2+λ3)
Q
.
This formula was also originally conjectured by Nekrasov and discussed in
[CK1, App. B]. Note that the exponent appearing on RHS equals − ∫
C4
c3(C
4)
(interpreted as a T -equivariant integral). Therefore, Conjecture 0.4 and the
vertex formalism together imply that there exist choices of signs such that the
following equation holds
∞∑
n=0
Qn
∫
[Hilbn(X)]vir
o(L)
1 = e−Q
∫
X
c3(X).
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